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ON CONJECTURES OF HOVEY–STRICKLAND AND CHAI
TOBIAS BARTHEL, DREW HEARD, AND NIKO NAUMANN
Abstract. We prove the height two case of a conjecture of Hovey and Strickland that provides
a K(n)-local analogue of the Hopkins–Smith thick subcategory theorem. Our approach first
reduces the general conjecture to a problem in arithmetic geometry posed by Chai. We then
use the Gross–Hopkins period map to verify Chai’s Hope at height two and all primes. Along
the way, we show that the graded commutative ring of completed cooperations for Morava
E-theory is coherent, and that every finitely generated Morava module can be realized by a
K(n)-local spectrum as long as 2p−2 > n2+n. Finally, we deduce consequences of our results
for descent of Balmer spectra.
1. Introduction
The thick subcategory theorem of Hopkins and Smith [HS98] is arguably the most impor-
tant organizational result in the stable homotopy theory of finite complexes. It classifies finite
spectra up to the natural operations available on the stable homotopy category: fiber sequences,
(de)suspensions, and retracts. The lattice of these equivalence classes of finite spectra resembles
the height filtration on the moduli stack of one-dimensional commutative formal groups—a con-
nection between homotopy theory and arithmetic geometry that began in the work of Quillen on
complex cobordism. The present paper is concerned with a local analogue of the thick subcate-
gory theorem, which we will relate to the p-adic geometry of Lubin–Tate space and in particular
to work of Chai. We then exploit this relation by making use of the Gross–Hopkins period map
to establish the height two case of a conjecture of Hovey and Strickland.
In more detail, let K(n) be the Morava K-theory spectrum at height n ≥ 0 and (implicit)
prime p. The work of Hopkins and Smith exhibits the categories of K(n)-local spectra SpK(n)
as the constituent pieces of the stable homotopy category. More precisely, SpK(n) has two
distinguished properties: it is minimal in the sense that it does not admit any further non-trivial
localizations, and any finite spectrum can be assembled from its K(n)-local pieces along the
chromatic tower. From a more abstract point of view, the categories SpK(n) for n > 0 are
prominent and naturally occurring examples of compactly generated but not rigidly compactly
generated tensor-triangulated categories, i.e., its unit object LK(n)S
0 is not compact.
The structure of the full subcategory of compact objects in SpK(n) is rather simple: it is
generated by the K(n)-localization of any finite type n spectrum F (n) and does not admit
any non-trivial thick subcategories. This puts into focus the larger category SpdualK(n) of all K(n)-
locally dualizable spectra, which in particular contains the much studied K(n)-local Picard group
[HMS94]. The goal of this paper is to analyze the global structure of SpdualK(n) and in particular
approach the question of how much of the chromatic picture is captured by it. In this direction,
Hovey and Strickland [HS99, Page 61] have formulated the following conjecture, which is a local
analogue of the thick subcategory theorem [HS98]:
Hovey–Strickland Conjecture. If C is a thick tensor-ideal of SpdualK(n), then there exists an
integer 0 ≤ k ≤ n and a finite type k spectrum F (k) such that C is generated by LK(n)F (k).
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The Hovey–Strickland Conjecture is known to be true vacuously for n = 0. For n = 1, it can
be deduced from the Iwasawa-theoretic classification of weakly dualizable objects in SpK(1) by
Hahn and Mitchell [HM07] or by direct verification. Our main result is:
Theorem A (Theorem 4.15). The Hovey–Strickland conjecture holds at height n = 2 and for
all primes.
This result fits into ongoing efforts to completely understand K(2)-local homotopy theory. As
we will explain below, progress in heights n > 2 would require substantially new ideas.
Morava modules and connections to arithmetic geometry. Our approach to the Hovey–
Strickland conjecture is via the arithmetic geometry of Lubin–Tate space, a connection that has
proven to be fundamental in the development of local chromatic homotopy theory as envisioned
by Morava [Mor85]. Fix an implicit prime p and let Fn be a height n formal group law over
Fpn . Lubin and Tate [LT65] showed that there exists a universal deformation of Fn defined
over the commutative ring E0 = WFpnJu1, . . . , un−1K; by naturality, the automorphism group
Gn = Aut(Fn) acts canonically on E0. The Goerss–Hopkins–Miller theorem [GH04] lifts E0
together with its Gn-action to an E∞-ring spectrum E = En called Morava E-theory (at height
n), whose coefficients are given by E∗ =WFpnJu1, . . . , un−1K[u±1] withW being the ring of Witt
vectors and u of degree −2. A different approach to the construction of Morava E-theory using
spectral algebraic geometry was recently presented by Lurie [Lur18b]. Devinatz and Hopkins
[DH04] exhibit the unit map LK(n)S
0 → En as a homotopical pro-Galois extension with Galois
group Gn; informally speaking, the category of En-modules thus covers SpK(n), with descent
data encoded by a compatible Gn-action. For a more detailed survey, see for example [BB19].
It follows that the properties of a K(n)-local spectrum X are to a large extent controlled by an
algebraic invariant called its Morava module, namely E∨∗ (X) = pi∗LK(n)(E ⊗X). In particular,
X is dualizable if and only if its Morava module is finitely generated over E∗. Moreover, any
Morava module is equipped with an action of the Morava stabilizer group Gn, making it a
(twisted) E∗-Gn-module. In geometric terms, a Morava module is a Gn-equivariant sheaf on
Lubin–Tate space Spf(E0). This motivates to study the properties of K(n)-locally dualizable
spectra via the geometry of Lubin–Tate space together with its Gn-action.
In [Cha96], Chai studies the Zariski closures of the orbits of the action of the Morava stabilizer
group Gn on the closed fiber of Lubin–Tate space Spf(E0). At the end of the paper, he formulates
the following:
Chai’s Hope. Any reduced irreducible formal subscheme of Spf(E0/p) stable under an open sub-
group of Gn is empty or the locus Spf(E0/(p, u1, . . . , uk−1)) over which the universal deformation
has height at least k, for some 1 ≤ k ≤ n.
Chai’s Hope for the full Gn-action can be restated as providing a classification of invariant
ideals in E0 analogous to Landweber’s [Lan76] invariant prime ideal theorem for BP∗: The only
Gn-invariant radical ideals in E0 are the Ik = (p = u0, . . . , uk−1) for 0 ≤ k ≤ n and E0. Our
next result establishes a firm link between the global structure of SpdualK(n) and the arithmetic
properties of Lubin–Tate space:
Theorem B (Theorem 4.9 and Theorem 4.13). At a given height n and prime p, consider the
following two statements:
(1) The Hovey–Strickland Conjecture holds.
(2) Chai’s Hope for the full Gn-action holds.
Then Statement (2) implies Statement (1) and the converse is true provided 2p− 2 > n2 + n.
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Theorem B reduces the proof of Theorem A to the problem of verifying Chai’s Hope at height
two. This we accomplish by applying the Gross–Hopkins period map [HG94], which relates the
Gn-action on Spf(E0) to a linear action on rigid projective space through an equivariant map
Φ: Spf(E0)
rig ⊗Qpn −→ Pn−1Qpn
of rigid analytic varieties. Our proof of Theorem A relies crucially on the structure of prime
ideals in the power series ring WFp2 [[X ]] and can thus not be easily extended to heights larger
than two.
The proof of the implication (1) =⇒ (2) in Theorem B uses a result of independent interest,
namely the realizability of any finitely generated Morava module by a K(n)-local spectrum. The
condition on the prime p that appears here follows a familiar pattern in local chromatic homotopy
theory: for primes p such that p−1 does not divide n, the group Gn contains no p-torsion, which
is the key reason that the category SpK(n) is essentially algebraic for 2p− 2 > n2 + n.
Theorem C (Theorem 3.7). If 2p− 2 > n2+n, then any finitely generated Morava module can
be realized as the completed E-homology of a K(n)-locally dualizable spectrum.
The special case of this result for invertible Morava modules is the main theorem of [Pst18b],
and our proof is closely modelled on Pstrągowski’s argument. In fact, motivated by the alge-
braicity results of [BSS20, Pst18a, BSS19], we suspect that this theorem can be promoted to an
equivalence of categories, but we will not pursue this question at this point.
Tensor-triangular context and descent. Let us place the above results in a more abstract
categorical context. The categories SpK(n) can be thought of as the completed stalks of the sta-
ble homotopy category Sp over the points of its Balmer spectrum. Tensor-triangular geometry
provides a wealth of structurally similar examples, for instance in algebraic geometry, modular
representation theory, or equivariant stable homotopy theory. Under suitable finiteness hypothe-
sis on the ambient tensor triangulated category T there is an adelic formalism that assembles T
from such completed stalk categories T ∧p , parametrized by the points p ∈ Spc(T ω) of the Balmer
spectrum of compact objects in T , see for example [GB19, AMR19].
This highlights the importance of understanding the tt-geometry of the categories T ∧p for
the analysis of T itself. As for SpK(n), the categories T ∧p are usually compactly generated,
but not rigidly compactly generated, and similar considerations as for SpK(n) lead to the study
of Spc((T ∧p )dual). However, these Balmer spectra remain mysterious; one approach to their
computation is via categorical descent along a suitable morphism T ∧p → U for a simpler tt-
category U .
In the example SpK(n), the proof of the smash product theorem due to Hopkins and Ravenel
[Rav92] implies that the base-change functor LK(n)(En⊗−) : SpK(n) → ModEn(SpK(n)) satisfies
descent, where the target denotes the category of K(n)-local En-modules. A precise formulation
of categorical descent requires an enhancement: in the language of∞-categories, the coaugmented
cosimplicial diagram of symmetric monoidal ∞-categories
SpdualK(n) // Mod
ω
En
//
// Modω
LK(n)E
⊗2
n
//
//
//
oo Modω
LK(n)E
⊗3
n
. . .oo oo
is a limit diagram.1 This motivates the question whether the Balmer spectrum of SpdualK(n) can
be computed in two steps: First determine the Balmer spectra of the categories Modω
LK(n)E
⊗k+1
n
for all k ≥ 0, and then run some kind of descent for Balmer spectra. There is good evidence for
the feasibility of such an approach: Under stronger finiteness conditions than what holds in our
situation, Balmer [Bal16] has indeed established a form of descent for the Balmer spectrum.
1It is worthwhile noting that En is not K(n)-locally dualizable for n > 0.
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The first step in this program is partly realized by the following theorem:
Theorem D. The graded commutative ring pi0LK(n)E
⊗k+1 ∼= Homcts(G×kn , E0) of completed
cooperations for Morava E-theory is coherent for all k ≥ 0. Consequently, Balmer’s comparison
map
Spc(ModωLK(n)E⊗k+1)
// Spec(Homcts(G×kn , E0))
is surjective for all k ≥ 0 and a homeomorphism for k = 0.
This result combines Theorem 5.7, Proposition 5.8, and Lemma 4.4, while a proof of the
isomorphism pi0LK(n)E
⊗k+1 ∼= Homcts(G×kn , E0) can be found in [Str00, Theorem 12] or [Hov04a,
Theorem 4.11]. The statement about completed cooperations is dual to the theorem of Hovey
and Strickland [HS99, Section 2] that the ring of operations E∗E of Morava E-theory is left
Noetherian. It is known that pi0LK(n)(E ⊗ E) is not Noetherian and our proof does not rely on
the one by Hovey and Strickland. Instead, we establish and a apply a criterion Lemma 5.4 for a
complete ring to be coherent in terms of its associated graded, motivated by a similar criterion
for Noetherian rings; our generalization might be well-known to experts, but we could not find
it in the literature, so it might be of independent interest.
Returning to the question of descent for Balmer spectra, our final result provides a counterex-
ample to the most optimistic hope in this direction:
Theorem E (Proposition 5.2 and Proposition 5.10). For any height n and any prime p, the
functor LK(n)(E⊗−) : SpdualK(n) → ModωE satisfies descent, i.e., it induces an equivalence SpdualK(n) ≃
lim•∈∆Mod
ω
LK(n)E
⊗•+1 of symmetric monoidal stable ∞-categories. However, at height n = 2,
the induced diagram
Spc(ModωLK(2)(E⊗E))
//
// Spc(ModωE) // Spc(Sp
dual
K(2))
is not a coequalizer.
Its proof relies on Theorem A and Theorem D. It would be interesting to reconcile this example
with the general descent philosophy in tt-geometry.
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2. Recollections on tensor triangular geometry
We recall some of the basics of the tensor-triangular geometry of an essentially small tensor
triangulated category K = (K,⊗).
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Definition 2.1. A thick subcategory P of K is a full triangulated subcategory that is closed
under the formation of direct summands. A thick subcategory P ⊆ K is a thick tensor-ideal if
K ⊗ P ⊆ P . A thick tensor-ideal is called radical if a⊗n ∈ P implies a ∈ P , and is called prime
if it is a proper subcategory of K and if a⊗ b ∈ P implies a ∈ P or b ∈ P .
Given a good notion of prime ideal, we can now define the Balmer spectrum of K and the
support of objects in K, following [Bal05].
Definition 2.2. The Balmer spectrum of K, denoted Spc(K), is the set of all prime tensor-ideals
of K:
Spc(K) = {P ⊆ K | P is a prime tensor-ideal}.
If C is a small symmetric monoidal stable ∞-category, we also write Spc(C) for the Balmer
spectrum of the homotopy category of C. For any object X ∈ K, the support of X is defined as
supp(X) = {P ∈ Spc(K) | X 6∈ P}.
There is a topology on Spc(K) with {supp(X)}X∈K forming a basis of closed subsets. The
Balmer spectrum is contravariantly functorial with respect to exact tensor triangulated functors
F : K → L. Indeed, there is a natural continuous map Spc(F ) : Spc(L) → Spc(K) defined
by P 7→ F−1(P). It has the property that supp(F (X)) = Spc(F )−1(supp(X)), see [Bal05,
Proposition 3.6].
The interest in the Balmer spectrum comes from its relation to the classification of thick
tensor-ideals in K. For the following, we recall that a Thomason subset of Spc(K) is a subset
that is a union of closed subsets, each with quasi-compact open complement. The next result is
[Bal05, Theorem 4.1].
Theorem 2.3 (Balmer). Let K be an essentially small tensor triangulated category. The assign-
ment
Y 7→ KY = {X ∈ K | supp(X) ⊆ Y}
induces an inclusion-preserving bijection between Thomason subsets Y of Spc(K) and radical
thick tensor-ideals of K. The inverse is given by I 7→ supp(I) = ∪X∈I supp(X).
Suppose the symmetric monoidal structure on K is closed with internal mapping object de-
noted by Hom. Then K is said to be rigid if each object is strongly dualizable, i.e., each X ∈ K
has a dual DX = Hom(X,1) and the canonical map DX⊗Y → Hom(X,Y ) is an equivalence for
every Y ∈ K. In this case, every thick tensor-ideal is automatically radical [Bal07, Proposition
2.4], and so the previous theorem gives a complete description of the thick tensor-ideals of K in
terms of Spc(K).
Let 〈X〉 denote the thick tensor-ideal generated by a given X ∈ K. Theorem 2.3 has the
following consequence.
Corollary 2.4. Suppose that K is rigid. For X,Y ∈ K we have X ∈ 〈Y 〉 if and only if
supp(X) ⊆ supp(Y ).
We recall the following definition.
Definition 2.5. Suppose F : K → L is an exact tensor triangulated functor between essentially
small tensor triangulated categories. We say that F detects tensor-nilpotence if every morphism
f : X → Y in K such that F (f) = 0 satisfies f⊗n = 0 for some n ≥ 1.
The next result is shown in [Bal18, Theorem 1.3].
Theorem 2.6 (Balmer). Suppose F : K → L detects tensor-nilpotence and that K is rigid, then
Spc(F ) : Spc(L)→ Spc(K) is surjective.
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We deduce the following.
Corollary 2.7. Suppose F : K → L detects tensor-nilpotence and that K is rigid, then the
following conditions are equivalent for X,Y ∈ K:
(1) X ∈ 〈Y 〉.
(2) F (X) ∈ 〈F (Y )〉.
Proof. The implication (1 ) ⇒ (2 ) is clear and in fact valid for every exact tensor functor F .
Conversely, assuming (2 ), we deduce
supp(X) = Spc(F )(supp(F (X))) ⊆ Spc(F )(supp(F (Y ))) = supp(Y ), (2.8)
where the inclusion follows from our assumption (2 ), while the first and last equality use the
surjectivity of Spc(F ), guaranteed by Theorem 2.6. Finally, the containment (2.8) is equivalent
to (1 ) by Corollary 2.4 above. 
There are natural comparison maps between Spc(K) and the Zariski spectrum of the en-
domorphism ring R0K = EndK(1) as well as the homogeneous spectrum of the graded ring
R∗K = Hom
∗
K(1,1). Under reasonable conditions, these maps are additionally surjective [Bal10,
Theorem 7.3 and Corollary 7.4].
Theorem 2.9 (Balmer). There exist two continuous maps, natural in K,
ρ∗K : Spc(K)→ Spech(R∗K) and ρK : Spc(K)→ Spec(R0K).
Moreover, if R∗K is (graded) coherent, then ρ
∗
K and ρK are surjective.
Under much stronger conditions it is known that ρ∗K : Spc(K) → Spech(R∗K) is a homeomor-
phism [DS16, Theorem 1.1 and Lemma 3.10].
Theorem 2.10 (Dell’Ambrogio–Stanley). Suppose that K is generated by the tensor unit and
that R∗K is a graded Noetherian ring concentrated in even degrees such that every homogeneous
prime ideal p ⊆ R∗K is generated by a (finite) regular sequence of homogeneous elements. Then
the comparison map ρ∗K is a homeomorphism. Moreover, there is an equality for every X ∈ K
ρ∗K(supp(X)) = suppR∗
K
(Hom∗K(1, X)),
where the latter denotes the usual ring theoretic support of a graded R∗K-module.
Finally, a tensor triangulated category K is called local if Spc(K) is a local topological space,
i.e., every open cover Spc(K) = ⋃i∈I Ui is trivial, in that there exists i ∈ I such that Ui = Spc(K).
We then have the following [Bal10, Proposition 4.2].
Proposition 2.11 (Balmer). Suppose that K is rigid, then the following are equivalent:
(1) The tensor triangulated category K is local.
(2) The zero ideal is prime (and thus the unique minimal prime).
(3) If X ⊗ Y = 0, then X = 0 or Y = 0.
3. Dualizable K(n)-local spectra and realizability of Morava modules
3.1. Background on K(n)-local homotopy theory. We begin by recalling some basic notions
of K(n)-local homotopy theory for some fixed height n ≥ 1 and an implicit prime p. Much more
can be found in the memoir of Hovey and Strickland [HS99]. We recall first that MoravaK-theory
K(n) is an associative ring spectrum with homotopy pi∗K(n) ∼= Fpn [u±1] where |u| = 2. Closely
related is the Lubin–Tate spectrum En, which is a commutative ring spectrum with homotopy
pi∗En ∼=WFpn [[u1, . . . , un−1]][u±1]
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with |ui| = 0. Note that this is a complete regular local Noetherian ring (in the graded sense).
For clarity, we will fix a height n, and often just write E = En. Recall that En itself is K(n)-
local. Throughout this document, we let Ik denote the ideal Ik := (p, u1, . . . , uk−1) ⊆ E0 for all
0 ≤ k ≤ n; for example, I0 = (0), I1 = (p), In ⊆ E0 is the maximal ideal, and we set In+1 = (1)
by convention.
We let SpK(n) denote the symmetric monoidal ∞-category of K(n)-local spectra, where the
symmetric monoidal structure is given by K(n)-localizing the usual smash product of spectra.
We will write ⊗̂ for theK(n)-localized smash product, reserving the symbol⊗ for the usual smash
product of spectra. The homotopy category of SpK(n) is a prominent example of a compactly
generated tensor triangulated category which, for n > 0, is not rigidly compactly generated.
Its full subcategory of compact objects is the thick subcategory in spectra generated by the
K(n)-localization of any finite type n spectrum F (n).
From this, one can deduce that Spc(SpωK(n)) = {(0)}, see [HS99, Proposition 12.1]. In order
to capture more of the image of the chromatic filtration in SpK(n), it is therefore necessary to
consider the larger category SpdualK(n) of K(n)-locally dualizable spectra instead. We focus on the
latter in this document and observe that its homotopy category is a local rigid tensor triangulated
category:
Lemma 3.1. The tensor triangulated category SpdualK(n) is local. In particular, the minimal prime
ideal is the zero ideal.
Proof. We verify Condition (3) in Proposition 2.11. Suppose that X,Y ∈ SpdualK(n) and that
X⊗̂Y ≃ 0. It follows that K(n)∗(X⊗̂Y ) ∼= K(n)∗X ⊗K(n)∗ K(n)∗Y ∼= 0, and because K(n)∗ is
a graded field, we must have K(n)∗X = 0 or K(n)∗Y = 0. Because X and Y are K(n)-local,
this implies that either X ≃ 0 or Y ≃ 0. 
The completed E-homology of a K(n)-local spectrum is defined as E∨∗X := pi∗LK(n)(E ⊗X).
By [HS99, Proposition 8.4] E∨∗X is always L-complete in the sense of [HS99, Appendix A]
or, equivalently, derived In-complete in the sense of [Lur18a, Definition 7.3.0.5]. The Morava
stabilizer Gn group acts on E, and hence on E∨∗X . This latter action is twisted, and the
category of Morava modules is the category with objects L-complete E∗-modules equipped with
a twisted continuous action of Gn. Thus, E∨∗X is always a Morava module. Working with Morava
modules is equivalent to working with L-complete comodules over the L-complete Hopf algebroid
(E∗, E
∨
∗ E), see, for example, [BH16]. We also observe that the category of Morava modules is
symmetric monoidal; if M and N are Morava modules, then so is M⊗̂N := L0(M ⊗E∗ N), with
the diagonal Gn-action, where L0 denotes the L-completion functor. If M and N are finitely
generated E∗-modules, then the L-completed tensor product can be replaced by the ordinary
In-adically completed tensor product [HS99, Proposition A.4].
In [HS99, Theorem 8.6], Hovey and Strickland characterize dualizability of K(n)-local spectra
in terms of the associated Morava modules; they prove that the following conditions are equivalent
for X ∈ SpK(n):
(1) X is K(n)-locally dualizable.
(2) The Morava module E∨∗X of X is finitely generated over E∗.
(3) K(n)∗(X) is degreewise finite.
3.2. A conjecture of Hovey and Strickland. We now review the construction, due to Hovey
and Strickland [HS99, Definition 12.14], of some thick tensor-ideals in SpdualK(n).
Definition 3.2. Given 0 ≤ k ≤ n, let Dk denote the category of X ∈ SpdualK(n) such that X is a
retract of Y ⊗ Z for some Y ∈ SpdualK(n) and some finite spectrum Z of type at least k. We also
denote Dn+1 := (0) for convenience.
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The objects of Dk admit various equivalent characterizations:
Proposition 3.3 (Hovey–Strickland). The subcategory Dk ⊆ SpdualK(n) is a thick tensor-ideal.
Moreover, given X ∈ SpdualK(n) and 0 ≤ k ≤ n+ 1, the following are equivalent:
(1) X ∈ Dk.
(2) The Morava module E∨∗X is Ik-torsion.
(3) X ∈ 〈LK(n)F (k)〉 for F (k) a finite spectrum of type k.
(4) Tel(j)⊗X ≃ 0 for all j < k, where Tel(j) denotes the telescope of some vj-self map on
a finite type j spectrum.
(5) K(j)⊗X ≃ 0 for all j < k.
In particular, Dk = 〈LK(n)F (k)〉 for any finite type k spectrum F (k).
Proof. The equivalence of (1 ) and (2 ) is due to Hovey–Strickland [HS99, Proposition 12.15]. The
implication (3 ) =⇒ (2 ) follows from a thick tensor-ideal argument: There is a conditionally
and strongly convergent spectral sequence ([Hov04b, Theorem 5.4]) for every Z, Y ∈ SpdualK(n)
E2s,t
∼= TorE∗s,t (E∨∗ Z,E∨∗ Y ) =⇒ E∨s+t(Z ⊗ Y ).
Since E∗ has global dimension n, this spectral sequence has a horizontal vanishing line. If now
E∨∗ Z is Ik-torsion, then so is the E2-page in each bidegree, which shows that E
∨
∗ (Z ⊗ Y ) is
Ik-torsion as well. This property is also closed under retracts and long exact sequences, so we
see that the Morava module of any X ∈ 〈LK(n)F (k)〉 is Ik-torsion, since clearly E∨∗ (LK(n)F (k))
is Ik-torsion to start with.
Assume Statement (1 ). To show that (3 ) holds it suffices to see that LK(n)Z ∈ 〈LK(n)F (k)〉,
where Z is a finite spectrum of type at least k, which follows from the thick subcategory theorem
of Hopkins and Smith [HS98].
The proof of the remaining equivalences was communicated to us by Neil Strickland. By
[HS99, Proposition 12.15], Statement (1 ) is equivalent to the condition that X is a module over
a generalized Moore spectrum M(k) of type k, in the sense of [HS99, Definition 4.8]. We will
argue that this latter condition in turn is equivalent to Statement (4 ). Since M(k)⊗Tel(j) ≃ 0
for all j < k, any module over M(k) satisfies the same vanishing condition, so (1 ) =⇒ (4 ).
In order to prove the converse, we will show that any X satisfying the conditions of (4 ) admits
a module structure over a generalized Moore spectrum M(j) of type j for all j ≤ k. Suppose
first that X is a module overM(j) for some generalized Moore spectrum of type j < k. Because
X ⊗Tel(j) ≃ 0, the vj-self on M(j) must act nilpotently on X , so this module structure extends
to a module structure overM(j)/vmj for some m > 0, see the proof of [HS99, Proposition 12.15].
Note that M(j)/vmj is a generalized Moore spectrum of type j + 1. Since M(0) = S
0, the claim
is vacuously true for j = 0, whence induction on j shows that any X ∈ Dk is a module over a
generalized Moore spectrum M(k) of type k.
Finally, the equivalence of Statements (4 ) and (5 ) follows from [HS99, Corollary 6.10]: indeed,
this result implies that Bousfield localization at Tel(j) and at K(j), respectively, coincide on En-
local spectra, hence also on K(n)-local spectra. In other words, Tel(j) ⊗W ≃ 0 if and only if
K(j)⊗W ≃ 0 for any K(n)-local spectrum W and any j. 
The Morava module of X = LK(n)F (k) ∈ SpdualK(n) is Ik-torsion but not Ik+1-torsion, so
Proposition 3.3 shows unconditionally that Dk ) Dk+1. We thus have a strictly descending
chain of tensor-ideals
SpdualK(n) = D0 ) D1 ) . . . ) Dn = SpωK(n) ) Dn+1 = (0).
The equality Dn = SpωK(n) here is an immediate consequence of [HS99, Theorem 8.5]. Hovey and
Strickland conjecture in [HS99, Section 12] that these are all the thick tensor-ideals of SpdualK(n).
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Conjecture 3.4 (Hovey–Strickland). If C is a thick tensor-ideal of SpdualK(n), then C = Dk for
some 0 ≤ k ≤ n+ 1.
We next note that this conjecture is equivalent to describing the Balmer spectrum of SpdualK(n).
Proposition 3.5. The following are equivalent:
(1) The ideals Dk (0 ≤ k ≤ n+ 1) exhaust all tensor-ideals of SpdualK(n).
(2) We have Spc(SpdualK(n)) = {D1, . . . ,Dn+1} with topology determined by the closure operator
{Dk} = {Di | i ≥ k}.
(3) Localization LK(n) : Sp
ω
E → SpdualK(n) induces a homeomorphism of Balmer spectra
Spc(LK(n)) : Spc(Sp
dual
K(n))
∼
// Spc(SpωE).
Proof. To see that (1 ) implies (2 ), say 0 ≤ k ≤ n + 1 of the ideals D1, . . . ,Dn+1 are prime.
Given the known inclusions among them, this implies that Spc(SpdualK(n)) has at most k+1 closed
subsets, hence SpdualK(n) has at most k + 1 thick tensor-ideals. This implies k + 1 ≥ n + 2, hence
k = n+ 1, as claimed.
In order to prove the remaining equivalences, we first observe that the localization functor
LK(n) : SpE → SpK(n) is symmetric monoidal. It therefore induces a symmetric monoidal functor
φ = LK(n) : Sp
ω
E = Sp
dual
E → SpdualK(n) by passing to the full subcategories of dualizable objects,
and hence a continuous map
Spc(φ) : Spc(SpdualK(n)) // Spc(Sp
ω
E).
Let Ck = 〈LEF (k)〉 ⊆ SpωE be the thick tensor-ideal of SpωE generated by the E-localization of
a finite type k spectrum F (k). The thick subcategory theorem for the E-local category [HS99,
Theorem 6.9] shows that the Cks are precisely the thick tensor-ideals of SpωE . Together with an
argument similar to the one for the implication (1) =⇒ (2) above, this implies that
Spc(SpωE) = {C1, . . . , Cn+1}
with topology determined by the closure operator {Ck} = {Ci | i ≥ k} for all k ≤ n + 1. It
follows from Proposition 3.3 that φ(Ck) ⊆ Dk and φ(Ck−1) * Dk for all k. Since φ−1(Dk) is a
thick tensor-ideal of SpωE , we see that φ
−1(Dk) = Ck for all k.
Assume Statement (2 ), which says that the thick tensor-ideals Dk are prime and that the
map Spc(φ) is a surjective map between sets of the same finite cardinality, hence a bijection.
By inspection of the topologies and using continuity of Spc(φ), it must be a homeomorphism, so
Statement (3 ) follows.
Finally, assume Statement (3 ), then the number of prime tensor-ideals of SpdualK(n) equals that
of SpωE . Therefore, Sp
dual
K(n) has precisely n+2 thick tensor-ideals, given the classification of thick
tensor-ideals in terms of Spc. This implies that the Dk exhaust all tensor ideals of SpdualK(n), which
is Statement (1 ). 
Remark 3.6. In the above situation, we can see unconditionally that the continuous map
Spc(LK(n)) : Spc(Sp
dual
K(n))
// Spc(SpωE)
is surjective: We compute the pre-image of the stratification by the supports of the ideals Ci to
be
Spc(LK(n))
−1(supp(Ci = 〈LEF (i)〉)) = supp(〈LK(n)F (i)〉) = supp(Di),
which we know to be a proper stratification. It seems surprising that we cannot unconditionally
prove that the ideals Di are indeed prime.
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3.3. Realizing Morava modules at large primes. Recall that we are working p-locally at a
chromatic height n ≥ 1. Assume throughout this subsection that 2p− 2 > n2 + n. Our goal is
to prove that all finitely generated Morava modules can be realized by K(n)-locally dualizable
spectra. The special case of invertible comodules is the main result of [Pst18b]. We recall that
we write E = En and K = K(n) for brevity.
Theorem 3.7. If 2p − 2 > n2 + n and E is Morava E-theory, any finitely generated Morava
module can be realized as the completed E-homology of a K-locally dualizable spectrum.
Remark 3.8. Without the condition on the prime p, the conclusion of this result is unlikely to hold
in general. For example, if p = 2 and n = 2, we suspect that the Morava module (E2)∗/(2, u1)
cannot be realized as the completed E-homology of a K(2)-local spectrum.
We will need the following purely algebraic finiteness result.
Lemma 3.9. Let R = (R,m, k) be a regular, local, Noetherian commutative ring with maximal
ideal m and residue field k = R/m. Then, for every finitely generated R-module N and each
i ≥ 0, the R-module
colimj Ext
i
R(N ⊗R R/mj, k)
is finitely generated. Here, the symbol ⊗R denotes the underived tensor product of R-modules.
Proof. This result follows from the implication (c) =⇒ (a) of Theorem 2.9 in [KYA04]; we
include an independent argument here. Consider the derived functor on the derived category of
R-modules
F : DR → DR, C 7→ colimj RHomR(C ⊗LR R/mj, k),
and let C ⊆ DR be the full subcategory of objects C for which F (C) is compact. On the one
hand, since
F (R) ≃ k
by local duality (see [Pst18b, Lemma 2.3]), we see that R ∈ C, hence DωR ⊆ C because C is thick.
On the other hand, R is regular local and thus has finite global dimension, hence every finitely
generated R-module N is in DωR. Therefore, we conclude that F (N) ∈ DωR, so H∗F (N) is in
particular degreewise finitely generated.
There is a composite functor spectral sequence
Es,t2 (N)
∼= colimj ExtsR(TorRt (N,R/mj), k) =⇒ H∗F (N)
which strongly converges because R has finite global dimension. We claim that the E2-term is
concentrated on the (t = 0)-line, so the spectral sequence collapses. To this end, let t > 0. We
observe that the tower (TorRt (N,R/m
j))j is nilpotent as a consequence of the Artin–Rees lemma,
as follows: Take a partial free resolution
0→M ι−→ F = Ft−1 → Ft−2 → . . .→ F0 → N → 0
of N with Fi finite free for all i. Since t > 0, dimensional reduction then provides a natural
isomorphism TorRt (N,−) ∼= ker(ι ⊗R −). In particular, given ideals J ⊆ K ⊆ R, the canonical
map TorRt (N,R/J) → TorRt (N,R/K) identifies with the the obvious map (M ∩ JF )/JM →
(M ∩KF )/KM , and hence is zero if M ∩ JF ⊆ KM . Now, by the Artin–Rees lemma, there is
an i0 ≥ 0 such that for all i ≥ i0 we have
miF ∩M ⊆ mi−i0(mi0F ∩M) (⊆ mi−i0M) ,
which by the above means that TorRt (N,R/m
i) → TorRt (N,R/mi−i0) is zero. Hence the tower
(TorRt (N,R/m
j))j is nilpotent, as claimed. This implies that, for every s, the inductive system
(ExtsR(Tor
R
t (N,R/m
j), k))j
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is nilpotent, too, hence
Es,t2 (N)
∼= colimj ExtsR(TorRt (N,R/mj), k) = 0
for all s ≥ 0 and all t ≥ 1. Consequently, the spectral sequence degenerates into an isomorphism,
for every s ≥ 0:
Es,02
∼= colimj ExtsR(N ⊗R R/mj, k) ∼= HsF (N).
Since we already observed that HsF (N) is finitely generated, this finishes the proof. 
The remainder of the argument proceeds along the same lines as the proof of [Pst18b, Theorem
2.5]. Let M be a Morava module, finitely generated as a graded E∗-module.
Lemma 3.10. For each j ≥ 0, there is a canonical isomorphism
E∨∗ E⊗̂(M ⊗ E∗/Ijn) ∼= E∗E ⊗ (M ⊗ E∗/Ijn).
In particular, (M ⊗ E∗/Ijn) is a comodule over the Hopf algebroid (E∗, E∗E).
Proof. This follows because E∗/I
j
n is In-power torsion (cf. [BH16, Remark 1.4]). 
The next result follows from the case k = 1 of Theorem 2.13 in [Pst18a] (see also Definition
2.14 and Remark 2.15), following earlier work by Bousfield.
Lemma 3.11 (Pstrągowski). For 2p−2 > n2+n there exists a functor β : ComodE∗E → h SpE
such that E∗β(X) ∼= X as E∗E-comodules for any X ∈ ComodE∗E.
Combining the two previous lemmas, we obtain for all j ≥ 0 an E∗E-comodule isomorphism
E∗β(M ⊗ E∗/Ijn) ∼= M ⊗ E∗/Ijn, which in turn is isomorphic to E∨∗ β(M ⊗ E∗/Ijn) because it is
an In-power torsion module.
Lemma 3.12. For each j ≥ 0, the graded E∗-module colimj K∗β(M ⊗E∗/Ijn) is finitely gener-
ated.
Proof. There is a universal coefficient spectral sequence [Hov04b, Theorem 4.1]
Ext∗E∗(E
∨
∗ β(M ⊗ E∗/Ijn),K∗) =⇒ K∗β(M ⊗ E∗/Ijn)
which converges with a horizontal vanishing line of intersect n on the E2-page since E0 is regular
of dimension n. Since filtered colimits are exact, we obtain a convergent spectral sequence
colimj Ext
∗
E∗
(E∨∗ β(M ⊗ E∗/Ijn),K∗) =⇒ colimj K∗β(M ⊗ E∗/Ijn),
which also has a horizontal vanishing line of intersect n on the E2-page. Lemma 3.9 shows that
the terms on the E2-page of this spectral sequence are finitely generated E∗-modules, which
implies the claim because E∗ is Noetherian. 
Proof of Theorem 3.7. Let M be a finitely generated Morava module. We define Xj(M) =
LKβ(M ⊗E∗/Ijn) and X(M) as the homotopy limit holimj Xj(M) computed in h SpE . We have
already established the following isomorphism
E∨∗Xj(M)
∼=M ⊗ E∗/Ijn.
In particular, as this is a finitely generated E∗-module, this shows that Xj(M) ∈ SpdualK(n) is K-
locally dualizable for all j ≥ 0. As a next step, we show that the spectrum X(M) is K-locally
dualizable.
To this end, note first that X(M) ≃ DK colimj DKXj(M), so it suffices to prove that
colimj DKXj(M) is K-locally dualizable, where DK denotes K-local Spanier–Whitehead du-
ality and the colimits are computed in the K-local category. By [HS99, Theorem 8.6], this is the
case if and only if K∗ colimj DKXj(M) is degreewise finite. We compute:
K∗ colimj DKXj(M) ∼= colimj K∗DKXj(M) ∼= colimj K∗Xj(M).
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Lemma 3.12 shows that this graded E∗-module is finitely generated over E∗. Moreover, it is
In-torsion, hence finitely generated over K∗, and thus degreewise finite, as desired.
It remains to establish an isomorphism E∨∗X(M)
∼= M of Morava modules. Dualizability
of X(M) and Xj(M) for all j ≥ 0 allows us to apply [Pst18b, Lemma 2.4] to get a K-local
equivalence LK(E ⊗ X(M)) ≃ holimj LK(E ⊗ Xj(M)). The associated Milnor sequence then
provides a short exact sequence of E∗-modules
0→ lim1j(M ⊗ E∗+1/Ijn)→ E∨∗X(M)→ limj(M ⊗ E∗/Ijn)→ 0.
Since all terms in the limit are degreewise finite, the lim1-term vanishes and, because M is
L-complete, this sequence then degenerates to an isomorphism E∨∗X(M)
∼= M . Because this
isomorphism is induced by a map which is compatible with the E∗E-comodule structure, it is also
an isomorphism of Morava modules, by virtue of the canonical completion map E∗E → E∨∗ E. 
4. Relation to arithmetic geometry
We will relate Conjecture 3.4 to the following hope, stated by Chai [Cha96, p. 753]. A similar
statement is formulated in [HS99, Problem 16.8].
Hope 4.1 (Chai). The only Gn-invariant radical ideals in E0 are the Ik for 0 ≤ k ≤ n.
Remark 4.2. This statement deviates from Chai’s in two respects. Firstly, Chai considers only
E0/p rather than E0 itself, and secondly, he considers more generally ideals invariant under open
subgroups of Gn, rather than only Gn. Since for our present considerations only the full action is
relevant, we only consider this special case of Chai’s Hope. The distinction between E0/p and E0
should be irrelevant, according to the following result of Chai (unpublished): The only invariant
ideals of E0 ⊗ Q are (0) and (1). One should be able to see that by using the differentiability
of the action of Gn on E0 ⊗ Q and the fact that the resulting action of the Lie-algebra can be
made completely explicit.
4.1. K(n)-local E-modules. In order to relate Hope 4.1 to Conjecture 3.4, we begin with a
few preliminaries. Let ModE(SpK(n)) be the ∞-category of K(n)-local E-modules, the category
of E-modules internal to SpK(n). This category inherits a symmetric monoidal structure from
SpK(n), given by the K(n)-local smash product over E, and we denote by ModE(SpK(n))
dual
its full subcategory of dualizable objects. We will write ModωE for the ∞-category of compact
E-modules; note that every compact E-module is automatically K(n)-local.
The next lemma will be used repeatedly below to translate between homogeneous and ordinary
Zariski spectra.
Lemma 4.3. If R∗ is a 2-periodic evenly graded commutative ring, then
q 7→ q ∩R0 : Spech(R∗) // Spec(R0) : p ·R∗ ←[ poo
are inverse homeomorphisms.
We will write suppE for the tt-support function on Mod
ω
E , while suppE∗ and suppE0 denote
the Zariski support.
Lemma 4.4. The graded comparison map
ρ∗Modω
E
: Spc(ModωE)→ Spech(E∗) ∼= Spec(E0)
is a homeomorphism, and for every X ∈ModωE we have
ρ∗Modω
E
(suppE(X)) = suppE∗(pi∗(X)) = suppE0(pi0(X)⊕ pi1(X))
under the identification of Lemma 4.3.
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Proof. Since E∗ is an even regular Noetherian commutative graded ring, this is a consequence
of Theorem 2.10 and Lemma 4.3. 
Since E ∈ CAlg(SpK(n)) is a commutative algebra, the base-change functor
E⊗̂− : SpK(n) → ModE(SpK(n))
is symmetric monoidal and thus restricts to a functor SpdualK(n) → ModωE .
Lemma 4.5. For any X ∈ SpdualK(n) the support suppE(E⊗̂X) identifies via Lemma 4.4 with a
Gn-invariant subset of Spec(E0).
Proof. Let g ∈ Gn, then g gives rise to a map of commutative algebras g : E → E, which in turn
induces a functor Fg : Mod
ω
E → ModωE via Fg := −⊗E,gE. Under the identification of Lemma 4.4
the induced map Spc(Fg) : Spc(Mod
ω
E) → Spc(ModωE) is the map Spec(pi0(g)) : Spec(E0) →
Spec(E0), as follows from the naturality of the comparison map ρ
∗
Modω
E
.
Now suppose that X ∈ SpdualK(n), then suppE(Fg(E⊗̂X)) = Spc(Fg)−1(suppE(E⊗̂X)) identi-
fies with Spec(pi0(g))
−1(suppE(E⊗̂X)) by properties of the Balmer spectrum and the previous
paragraph. But suppE(Fg(E⊗̂X)) = suppE(E⊗̂X) because multiplication by g−1 gives an equiv-
alence of E-modules Fg(E⊗̂X) ≃ E⊗̂X (this uses that E⊗̂X is an induced E-module). Hence
suppE(E⊗̂X) identifies with Spec(pi0(g))−1(suppE(E⊗̂X)). As g ∈ Gn was arbitrary, this proves
the claim. 
Proposition 4.6. The functor E⊗̂− : SpK(n) → ModE(SpK(n)) detects tensor-nilpotence, and
hence so does its restriction to the full subcategories of dualizable objects.
Proof. By [Mat16, Proposition 3.26], the first statement of the proposition is equivalent to show
that E ∈ CAlg(SpK(n)) admits descent, i.e., the thick tensor-ideal generated by E is all of SpK(n).
This follows from the proof of the smash product theorem [Rav92, Chapter 8], see for example
[Mat16, Proposition 10.10]. 
The category of dualizable objects in ModE(SpK(n)) admits a more familiar description, due
to Mathew [Mat16, Proposition 10.11]:
Proposition 4.7 (Mathew). The inclusion functor ModωE
∼−→ ModE(SpK(n))dual from compact
E-modules to dualizable K(n)-local E-modules is an equivalence.
Combining Theorem 2.6, Proposition 4.6, and Lemma 4.4 we deduce the following.
Corollary 4.8. The map
Spec(E0) −→ Spc(SpdualK(n)), p 7→ P (p) :=
{
X ∈ SpdualK(n) | (E∨0 (X)⊕ E∨1 (X))p = 0
}
is well-defined, continuous and surjective.
Observe that using the Tor spectral sequence it is easy to see directly that P (p) ⊆ SpdualK(n) is
a thick tensor-ideal. It seems less immediate, however, that it is indeed prime.
Proof of Corollary 4.8. We abbreviate ρ := ρ∗Modω
E
. Consider the composite
Spec(E0) ≃ Spech(E∗) ∼
ρ−1
// Spc(ModωE)
Spc(E⊗̂−)
// Spc(SpdualK(n)),
which is continuous and surjective (using Theorem 2.6 and Proposition 4.6 for the surjectivity).
Our task is to show that this map is given by p 7→ P (p). For this, we fix X ∈ SpdualK(n) and
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reformulate in several steps the condition that X ∈ Spc(E⊗̂−)(ρ−1(p)). By the definition of
Spc(E⊗̂−), it is equivalent to demand that E⊗̂X ∈ ρ−1(p), i.e., that
suppE(E⊗̂X) ⊆ suppE(ρ−1(p)) = {q | ρ−1(p) * q},
by the definition of support of an ideal. If we apply ρ which is bijective and reverses the inclusion
of prime ideals and recall Lemma 4.4, we see that this condition is equivalent to
suppE0(E
∨
0 (X)⊕ E∨1 (X)) = ρ(suppE(E⊗̂X)) ⊆ {q | q * p}.
This means that for all q ⊆ p we have (E∨0 (X)⊕ E∨1 (X))q = 0. Since the E0-module E∨0 (X)⊕
E∨1 (X) is finitely generated, the Nakayama lemma shows that these conditions for all q ⊆ p are
equivalent to the single condition (E∨0 (X)⊕ E∨1 (X))p = 0, i.e., to X ∈ P (p). 
4.2. The relation between the Hovey–Strickland Conjecture and Chai’s Hope. Recall
the definition of the thick tensor-ideals Dk ⊆ SpdualK(n) from Definition 3.2.
Theorem 4.9. If Hope 4.1 holds, then every thick tensor-ideal of SpdualK(n) is equal to Dk for some
0 ≤ k ≤ n+ 1. In particular, Hope 4.1 implies Conjecture 3.4.
Proof. Let (0) 6= C be a thick tensor-ideal of SpdualK(n). Because D0 = SpdualK(n), there is a largest
k such that C ⊆ Dk and since C 6= (0) = Dn+1, we have 0 ≤ k ≤ n. By our choice of k
and Proposition 3.3 there is some X ∈ C such that E∨∗X is Ik-torsion, but not Ik+1-torsion.
By Lemma 4.4 ρ∗Modω
E
(suppE(E⊗̂X)) = suppE∗(E∨∗X), and hence by [BIK08, Lemma 2.2 and
Lemma 2.4] we have
ρ∗Modω
E
(suppE(E⊗̂X)) = suppE∗(E∨∗ X) ⊆ V (Ik) but (4.10)
ρ∗Modω
E
(suppE(E⊗̂X)) = suppE∗(E∨∗X) 6⊆ V (Ik+1).
Let LK(n)F (k) be a generator of Dk, i.e., the K(n)-localization of a finite spectrum F (k) of
type k. We want to show that Dk ⊆ C which follows if LK(n)F (k) ∈ 〈X〉. By Corollaries 2.7
and 4.8 it is enough to show that E⊗̂F (k) ∈ 〈E⊗̂X〉. Observe that using Lemma 4.4 again
gives ρ∗Modω
E
(suppE(E⊗̂F (k))) = suppE∗(E∨∗ F (k)) = V (Ik), and so by Corollary 2.4 it suffices
to establish the inclusion V (Ik) ⊆ ρ∗Modω
E
(supp(E⊗̂X)).
By Lemma 4.5 the support of ρ∗Modω
E
(suppE(E⊗̂X)) is a Gn-invariant subset of Spec(E0),
and hence by Hope 4.1 is of the form V (It) for some 0 ≤ t ≤ n. However, by (4.10) we must
therefore have that ρ∗Modω
E
(suppE(E⊗̂X)) = V (Ik), and hence C = Dk by Proposition 3.3, so we
are done. 
Corollary 4.11. The Balmer spectrum Spc(SpdualK(1)) = {D1,D2} is a two point space with (0) =
D2 ( D1 = SpωK(1). Consequently, the Hovey–Strickland Conjecture holds for n = 1 and any
prime.
Proof. When n = 1 we have E0 ∼= Zp with G1 acting trivially, so it is clear that Hope 4.1 holds
and the result follows from Theorem 4.9 and Proposition 3.5. 
Remark 4.12. For odd primes, Hahn and Mitchell have computed the set of all thick subcategories
(not necessarily tensor-ideal) of SpdualK(1) in Iwasawa-theoretic terms [HM07, Section 10]. It is not
too hard to check directly that the only primes they find are the two given by Corollary 4.11,
but we will not include a detailed proof of this. By contrast, finding all thick subcategories of
SpdualK(2) seems out of reach.
For sufficiently large primes, the converse also holds.
Theorem 4.13. Suppose that 2p− 2 > n2 + n. Then Conjecture 3.4 implies Hope 4.1.
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Proof. Let I ⊆ E0 be an invariant radical ideal. By Theorem 3.7 we can find X ∈ SpdualK(n) such
that E∨∗X
∼= E∗/I. In particular,
ρ∗Modω
E
(suppE(E⊗̂X)) = suppE∗(E∨∗X) = V (I),
where we use Lemma 4.4 again.
Now consider the thick tensor-ideal 〈X〉. Assuming Conjecture 3.4 we must have that 〈X〉 =
〈LK(n)F (k)〉 for some 0 ≤ k ≤ n+1 (with F (n+1) = 0). By Corollary 2.7 〈E⊗̂X〉 = 〈E⊗̂F (k)〉.
In particular,
ρ∗Modω
E
(suppE(E⊗̂X)) = ρ∗Modω
E
(suppE(E⊗̂F (k))) = V (Ik).
Hence V (Ik) = V (I). However, then Ik =
√
Ik =
√
I = I, and so Hope 4.1 holds. 
Corollary 4.14. For 2p− 2 > n2 + n Conjecture 3.4 and Hope 4.1 are equivalent.
4.3. The case n = 2. The goal of this section is to verify Chai’s Hope when n = 2, and hence
to prove the following.
Theorem 4.15. The Balmer spectrum Spc(SpdualK(2)) = {D1,D2,D3} with (0) = D3 ( SpωK(2) =
D2 ( 〈S0/p〉 = D1.
The key here is the following.
Theorem 4.16. If the prime p ⊆ E0 ≃ WFp2 [[X ]] is associated with a G2-invariant ideal I ⊆
WFp2 [[X ]], then p ∈ {I0 = (0), I1 = (p), I2 = (p,X)}.
Before engaging into the proof, we note this implies Chai’s Hope in height two.
Corollary 4.17. Every invariant radical ideal of E0 is one of I0, I1 and I2 (and in particular,
is prime).
Proof. Let I ⊆ E0 be an invariant radical ideal and I =
⋃
iQi a primary decomposition. This
means that V (I) =
⋃
i V (
√
Qi) is the decomposition of V (I) into irreducible components. Each√
Qi is a prime associated with the invariant ideal I, hence equal to one of the Ii by Theorem 4.16.
Since the Ii are linearly ordered under inclusion, we have V (I) = V (Ii) for some i, hence I = Ii,
because both ideals are radical. 
Our first step in the proof of Theorem 4.16 is the non-triviality statement Proposition 4.18
below, about the canonical action of G2 on P1Q
p2
through (Galois-twisted) fractional linear trans-
formations. We give two related arguments for this. The first one freely uses basic results about
p-adic manifolds, for which we refer to [Ser06, Part II, Chapter III]. This argument generalizes
to arbitrary heights. The second argument makes explicit the p-adic exponential map involved
in this theory, and hence reduced the argument to an elementary manipulation of power series.
The group G2 is a compact p-adic Lie-group of dimension 4 which admits a faithful representa-
tion G2 ⊆ Gl2(WFp2) through which it acts (by right multiplication) on P1Q
p2
. The rigid-analytic
space X := Spf(E0)
rig is the open unit-disc over Qp2 and supports the G2-equivariant period map
Φ: X −→ P1Q
p2
.
See [HG94], or [Koh13, Section 1] for a succinct summary of this. For a point x ∈ P1(Qp), the
orbit xG2 ≃ U \G2 is locally of dimension at most 4 at x. We now observe that it is not finite,
i.e. not of dimension 0.
Proposition 4.18. In the above situation, we have dimx(xG2) ≥ 1.
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First proof of Proposition 4.18. This will be a computation of tangent spaces. We start with
recalling the representation of the projective line over Qp
P(Zp) \Gl2(Zp) ≃ P1(Qp) , P(Zp)g 7→ [1 : 0]g
as a principal homogeneous space. Here,
P :=
{(∗ 0
∗ ∗
)}
⊆ Gl2
denotes the corresponding parabolic subgroup of Gl2.
Choose some g ∈ Gl2(Zp) such that x = [1 : 0]g. We will compute the tangent space at x ∈ xG2
as a Qp-linear subspace
Tx(xG2) ⊆ Tx(xGl2(Zp) = P1(Qp)).
Since the stabilizer of x is g−1P(Zp)g we first obtain an exact sequence of Qp-vector spaces
0 // Lie(g−1P(Zp)g) // Lie(Gl2(Zp)) = M2(Qp) // Tx(P
1(Qp)) // 0. (4.19)
To obtain a Qp-rational result from this, we recall that i : Lie(G2) ⊆ Lie(Gl2(Zp)) is a Qp-form,
i.e., the Qp-linear extension of i is an isomorphism. Furthermore, the stabilizer of x in G2 is
G2 ∩ g−1P(Zp)g, and similarly for Lie-algebras. Thus, pulling back (4.19) along i and extending
Qp-linearly yields a commutative diagram with exact rows
0 // Lie(g−1P(Zp)g) // Lie(Gl2(Zp)) = M2(Qp) // Tx(P
1(Qp)) // 0
0 // Lie(G2 ∩ g−1P(Zp)g)⊗Qp Qp
OO
// Lie(G2)⊗Qp Qp //
≃
OO
Tx(xG2)⊗Qp Qp
i
OO
// 0.
This shows that ι is surjective and implies the claim. 
Alternate argument concerning Proposition 4.18. Here we only prove that the orbit xG2 is infi-
nite, which will suffice for the application. We leave the case x = [1 : 0] to the reader and hence
assume x = [µ : 1] for some µ ∈ Qp. Every γ ∈ G2 can be written uniquely as γ = α0 + α1Π
with α0 ∈ WF∗p2 , α1 ∈ WFp2 (and Π a uniformizer of the division-algebra of invariant 1/2 over
Qp). The action of such an element on x is given by
γ · x =
[
α0µ+ α1
α0 + pµα1
: 1
]
,
assuming the displayed denominator is non-zero, see [HG94, equation (25.13)]. Hence, our claim
is that the subset
Σ :=
{
α0µ+ α1
α0 + pµα1
| α0 ∈WF∗p2 , α1 ∈WFp2
}
⊆ Qp
is infinite. (Here, an overbar denotes the Galois automorphism). Note that for (α0, α1) = (1, 0),
the fraction takes the value µ. We now write down a one-parameter curve through µ inside Σ
by choosing (α0, α1) = (1, z), namely
fµ : Zp −→ Σ, fµ(z) := µ+ z
1 + pµz
(or rather the restriction to some neighborhood of 0 ∈ Zp on which the denominator does not
vanish, we leave this detail to the reader). We then compute f ′µ(0) = 1−pµ2 and leaving the case
µ2 = −1/p to the reader, can assume that f ′µ(0) 6= 0. Then the inverse function theorem [Ser06,
Part II, Chapter III, 9] implies in particular that there is an open neighborhood 0 ∈ U = pNZp
such that fµ restricted to U is injective. Hence, Σ is (uncountably) infinite. 
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We now get a first consequence for G2-invariant ideals of E0.
Proposition 4.20. If (0) 6= (F ) ⊆ E0 ∼= WFp2 [[X ]] is a G2-invariant principal ideal, then there
is an n ≥ 1 such that (F ) = (pn).
Proof. By the p-adic Weierstrass preparation theorem [Was97, Theorem 7.3], we can (uniquely)
write F = pnPU in WFp2 [[X ]] with P a distinguished polynomial, U a unit and n ≥ 0. Thus,
the claim is that P is constant. If not, it admits a zero in Qp which, since P is distinguished,
must be in the maximal ideal of Zp, i.e., x is a point in the open unit disc X. Since (F ) is
invariant, F vanishes at every point of the orbit xG2 ⊆ X . This orbit is infinite, because its
image under Φ is, by Proposition 4.18. Thus, the polynomial P has infinitely many zeros and
P = 0, a contradiction (since F 6= 0). 
With these preparations, we can determine the invariant radical ideals in height 2.
Proof of Theorem 4.16. We can assume that I 6= (0), (1). We freely use some facts about primary
decomposition of ideals in Noetherian rings, see for example [Mat89, Section 6]. The set of primes
associated with I is a finite set of primes Ass(I) = {p = p1, . . . , pn}. The action of G2 permutes
Ass(I) because if I = ∩ni=1qi is a minimal primary decomposition with pi =
√
qi, then so is
I = g(I) = ∩ni=1g(qi) for every g ∈ G2. Since all prime ideals of E0 ∼= WFp2 [[X ]] except
(p,X) are principal, we need to show that if p1 = (F ) 6= (0) is principal, then p1 = (p). The
(finite) product of all G2-conjugates of p1 is a non-zero G2-invariant principal ideal, say equal to
(H) 6= (0). Now Proposition 4.20 implies that (H) = (pn) for some n ≥ 1. Since the irreducible
element F ∈ E0 ∼=WFp2 [[X ]] divides H , we conclude that (F ) = (p). 
5. Descent for Balmer spectra
In this section we investigate descent properties of the Balmer spectrum, showing that an
overly optimistic generalization of [Bal16, Theorem 1.3] does not hold. To provide some context
for our result, we observe that if A −→ B is a faithfully flat map of (discrete) commutative rings,
then the canonical diagram of Zariski spectra
Spec(B ⊗A B) // // Spec(B) // Spec(A)
is a coequalizer of topological spaces: This follows from Spec(B) −→ Spec(A) being a topological
quotient map ([SGA03, Expose VIII, Corollaire 4.3] and [Gro67, EGA IV, Corollaire 2.3.12],
see also [Sta20, Tag 02JY]) and the more elementary fact that the canonical map Spec(B ⊗A
B) −→ Spec(B) ×Spec(A) Spec(B) is surjective.2 This result admits an equivalent reformulation
in categorical terms: Since there is a functorial homeomorphism Spec(A) ≃ Spc(ModωA) [Tho97,
Theorem 3.15] and an equivalence of symmetric monoidal ∞-categories [Lur11, Theorem 6.1]
ModωA ≃ TotModωB⊗A•+1 ,
we see that applying Spc(−) to this limit diagram yields a colimit diagram in low degrees (note
that B is a flat A-module, so the tensor products B⊗A•+1 are discrete commutative rings to
which Thomason’s result applies). The task of finding the correct generality of this categorical
result was taken up by Balmer, whose [Bal16, Theorem 1.3] roughly implies that if A ∈ CAlg(C)
is a descendable commutative algebra object in a small symmetric monoidal∞-category C (that
is, the thick tensor-ideal generated by A is all of C), then there is a coequalizer diagram
Spc(ModA⊗A(C)) // // Spc(ModA(C)) // Spc(C).
This covers for example the case of a finite, faithful Galois extension of E∞-rings, but falls short
of reproducing the classical result: There are many faithfully flat maps A → B of (discrete)
2Beware that this fiber product is formed in topological spaces, not in (affine) schemes.
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commutative rings, which do not turn B into a perfect (complex of) A-module(s), hence Balmer’s
result cannot be applied to this situation in general. With the classical result in mind, one might
hope that it is possible to weaken the finiteness assumptions in Balmer’s result, but we construct
an example which seems to caution this, see Proposition 5.10.
5.1. Categorical descent for dualizable K(n)-local spectra. We remind the reader that
we let E = En be Morava E-theory of height n at a fixed prime p. Viewed as a commutative
ring spectrum in the K(n)-local category SpK(n), we denote the associated K(n)-local Amitsur
complex by E⊗̂•+1 : ∆ → CAlg(SpK(n)). Passing to categories of modules internal to SpK(n)
(see [Lur17, Section 4.5]) thus induces a coaugmented cosimplicial diagram
SpK(n) → ModE⊗̂•+1(SpK(n)) (5.1)
in the ∞-category of compactly generated symmetric monoidal ∞-categories.
Proposition 5.2. The coaugmention in the above diagram (5.1) induces an equivalence SpdualK(n) ≃
TotModω
E⊗̂•+1
of symmetric monoidal ∞-categories.
Proof. By Proposition 4.6 (see also [Mat16, Proposition 10.10]), (5.1) is a limit diagram. Since
this diagram is constructed in the ∞-category of symmetric monoidal∞-categories, we obtain a
symmetric monoidal equivalence
SpdualK(n)
∼
// TotModdual
E⊗̂•+1
(SpK(n))
of the full subcategories of dualizable objects, using [Lur17, Proposition 4.6.1.11] to commute
the formation of duals with the limit.
In order to prove the claim, consider the restriction of the right-hand side of (5.1) to perfect
objects. This gives rise to a natural transformation of cosimplicial diagrams
φ•+1 : Modω
E⊗̂•+1
→ Moddual
E⊗̂•+1
(SpK(n)).
The transformation φ•+1 is fully faithful in each degree; moreover, Proposition 4.7 shows that
φ0 is also essentially surjective. It thus follows that Tot(φ•+1) is an equivalence, see for example
[BSS20, Lemma 5.16]. Consequently, there is an equivalence of symmetric monoidal∞-categories
SpdualK(n) ≃ TotModdualE⊗̂•+1(SpK(n)) ≃ TotModωE⊗̂•+1
as desired. 
5.2. Coherence of E-theory cooperations. It follows from [HS99, Theorem 2.23] that the
ring of operations E∗E for Morava E-theory is left Noetherian. In contrast, it is known that the
graded commutative ring of completed cooperations E∨∗ E is not Noetherian for n > 0. Indeed,
this follows from E∨∗ E/In
∼= K∗E and the known description of the latter [HS99, Section 2.3].
We will, however, show in this section that E∨∗ E is in fact graded coherent. We start with two
general results about coherent rings.
Lemma 5.3. ([Gla89, Theorem 2.3.3]) Suppose (Ri)i∈I is a directed diagram of commutative
rings satisfying the following two conditions:
(1) The rings Ri are coherent for all i ∈ I.
(2) For all i→ j in I, the ring homomorphism Ri → Rj is flat.
Then R = colimI Ri is coherent.
We continue with a few preliminary remarks about filtered rings and modules as well as their
associated graded; a reference is [Bou72, III.2.1–4]. Suppose R is a filtered ring and write ModfiltR
for the category of filtered discrete R-modules, i.e., R-modules with a (decreasing) filtration
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which is compatible with the given (decreasing) filtration on R. The associated graded gr defines
a functor to graded R-modules defined by
(FilkM)k≥0 7→
⊕
k≥0
(FilkM/Filk+1M).
If R is a commutative ring and I ⊆ R an ideal, we can consider the I-adic filtration on R and
write grI R =
⊕
k≥0 I
k/Ik+1 for the associated graded ring. More generally, every R-module M
carries a filtration derived from the I-adic filtration on R, so that the k-th filtration step is given
by IkM . The associated graded grI M =
⊕
k≥0 I
kM/Ik+1M is then naturally a grI R-module.
Consider a short exact sequence of R-modules
0→M1 →M2 →M3 → 0.
If R is equipped with the I-adic filtration as above, this sequence can be promoted to a sequence
of filtered R-modules as follows: EquipM2 with the exhaustive filtration derived from R, i.e., the
I-adic filtration. As submodule and quotient, M1 andM3 inherit exhaustive filtrations fromM2,
respectively, making this sequence a short exact sequence of filtered R-modules. Furthermore,
the filtration on M1 is separated if the one on M2 is.
As a special case of [Bou72, III.2.4, Proposition 4], we thus obtain a short exact sequence of
grI R-modules
0→ grM1 → grI M2 → grI M3 → 0.
We emphasize, as the notation suggests, that the induced filtration on M3 is the derived (i.e.,
I-adic) one, while the induced filtration in general does not coincide with the I-adic filtration on
M1. Therefore, in general, grM1 is not isomorphic to grI M1.
The analogue of the following lemma for Noetherian rings was proven in [Bou72, III.3.9,
Corollary 2].
Lemma 5.4. Let R be a commutative ring which is I-adically complete with respect to an ideal
I ⊆ R. If grI R is a coherent ring, then so is R.
Proof. Let J ⊆ R be a finitely generated ideal, and choose a short exact sequence of filtered
R-modules
0→ K → Rd → J → 0,
as above. Since the I-adic filtration on Rd is separated, so is the induced filtration on K. We
thus obtain a short exact sequence of grI R-modules
0→ grK → (grI R)d → grI J → 0.
Since grI R is coherent and grI J is a finitely generated ideal in grI R, it must be finitely presented,
hence grK is finitely generated. It follows from [Bou72, III.2.9, Corollary 1] that K is finitely
generated over R, so J is a finitely presented ideal in R. 
We now return to the case of interest. We write A = E∨∗ E for the graded commutative E∗-
algebra of cooperations of E, and denote the degree 0 part of A by A0. Note that both A and A0
are pro-free (i.e., the completion of a free E-module), see [Hov04a, Proposition 2.2]. It follows
that A⊗̂k0 = A
⊗̂E0k
0 is pro-free for k ≥ 0.
Lemma 5.5. For any k ≥ 0, the graded ring grI(A⊗̂k0 ) is coherent.
Proof. We observe that the E0-module A
⊗̂k
0 is pro-free, I is a regular ideal in A
⊗̂k
0 , and A
⊗̂k
0 is
I-adically complete, see [HS99, Theorem A.9]. Therefore, there is a natural isomorphism
grI(A
⊗̂k
0 )
∼=
(
A⊗̂k0 /I
)
[x1, . . . , xn],
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see for example [BH93, Theorem 1.1.8]. Hovey proves in [Hov04a, Proposition 3.12 and Theorem
3.13] that A0/I ∼= K0E is an ind-étale algebra: it can be written as sequential colimit
A0/I ∼= colimj Bj ,
where
Bj = Fpn [t0, . . . , tj ]/(t
pn−1
0 − 1, tp
n
1 − t1, . . . , tp
n
j − tj)⊗̂Fpn
is an étale algebra over Fpn for all j; see also the proof of [Str00, Theorem 12]. In particular, the
transition maps Bj → Bj+1 are flat for all j. Combining these two displayed isomorphisms, we
thus obtain a corresponding description
grI(A
⊗̂k
0 )
∼= (A⊗̂k0 /I)[x1, . . . , xn]
∼= (K0E)⊗̂K0k[x1, . . . , xn]
∼= colimj(B⊗̂K0kj [x1, . . . , xn]).
This exhibits grI(A
⊗̂k
0 ) as a sequential colimit of Noetherian algebras with flat transition maps,
hence it is coherent by Lemma 5.3. Therefore, grI(A
⊗̂k
0 ) is coherent. 
Remark 5.6. There are counterexamples to the analogue of the Hilbert basis theorem for coherent
rings, which is why we appeal to the argument involving the ind-étale description of K0E.
Theorem 5.7. For any k ≥ 0, the graded commutative ring A⊗̂k is coherent.
Proof. The graded ring A⊗̂k is even and 2-periodic, so it suffices to show that A⊗̂k0 is coherent.
This is an immediate consequence of Lemma 5.5 and Lemma 5.4. 
5.3. Failure of naive descent for Balmer spectra. We recall from Proposition 5.2 that
there is an equivalence SpdualK(n) ≃ TotModωE⊗̂•+1 of symmetric monoidal ∞-categories and that
E ∈ CAlg(SpK(n)) is descendable, but that E 6∈ SpdualK(n), so that Balmer’s result does not apply.
We begin with a partial generalization of Lemma 4.4, where we remind the reader that A = E∨∗ E.
Proposition 5.8. Let k ≥ 0. The graded comparison map
ρ∗Modω
E⊗̂k+1
: Spc(Modω
E⊗̂k+1
)→ Spech(A⊗̂k) ∼= Spec(A⊗̂k0 )
is surjective.
Proof. Because A is pro-free, there is a canonical isomorphism pi∗E
⊗̂k+1 ∼= A⊗̂k. The target of
Balmer’s graded comparison map
Spc(Modω
E⊗̂k+1
)→ Spech(pi∗E⊗̂k+1)
thus identifies with Spech(A⊗̂k). We have seen in Theorem 5.7 that A⊗̂k is coherent, hence the
comparison map is surjective by Theorem 2.9. The stipulated isomorphism of Zariski spectra
holds because A⊗̂k is even and 2-periodic, using Lemma 4.3. 
Corollary 5.9. Consider the following diagram:
Spc(Modω
E⊗̂E
)
pi1
//
pi2
//
ρ2

Spc(ModωE)
ρ1 ∼=

Spec(E∨0 E)
pi′1
//
pi′2
// Spec(E0).
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Here, the ρi are the comparison maps, and the pii and pi
′
i are induced by the obvious base-change
functors. Then this diagram commutes for i = 1, 2, ρ1 is a homeomorphism, ρ2 is surjective,
and the map induced on coequalizers of the two pairs of parellel arrows is a homeomorphism.
Proof. The diagram commutes by the naturality of the comparison maps. We have already seen
in Lemma 4.4 that ρ1 is a homeomorphism because E∗ is even, regular and Noetherian. Next, ρ2
is surjective by Proposition 5.8. The consequence for coequalizers is elementary and left to the
reader: One might start by noting that the map on coequalizers is an open surjection, because
ρ1 is a homeomorphism, and that it is injective because ρ2 is surjective. 
Finally, we present our example.
Proposition 5.10. For height n = 2, the diagram
Spc(Modω
E⊗̂E
) //// Spc(ModωE)
pi
// Spc(SpdualK(2))
is not a coequalizer. More precisely: While pi is a topological quotient map (even an open surjec-
tion), the coequalizer of the first two terms is infinite, but Spc(SpdualK(2)) consists of three points.
Proof. The coequalizer of the diagram under consideration, namely
Spc(Modω
E⊗̂E
) // // Spc(ModωE)
identifies by Corollary 5.9 with the coequalizer of
Spec(E∨0 E)
//
// Spec(E0).
Hovey showed this is the coaction diagram associated with the action of G2 on Spec(E0) [Hov04a,
Theorem 4.11 and Section 6.3]. Hence, the coequalizer is Spec(E0)/G2, the set of orbits of prime
ideals in E0 under the action of G2. The induced map on coequalizers takes the form
pi : Spec(E0)/G2 −→ Spc(SpdualK(2)),
and Corollary 4.8 shows that it is given by
pi([p]) = {X ∈ SpdualK(n) | (E∨0 (X)⊕ E∨1 (X))p = 0}.
This lets us make pi completely explicit, as follows: We have pi([0]) = D1 = 〈LK(2)S0/p〉,
pi([(p)]) = D2 = 〈LK(2)F (2)〉, pi([(p,X)]) = D3 = (0), and all remaining primes (which corre-
spond to irreducible distinguished polynomials) are mapped to D1. This shows that the contin-
uous map pi is surjective, and an easy inspection, left to the reader, shows that it is open. Since
the G2-action cannot identify the primes generated by two irreducible polynomials of different
degrees, we see that Spec(E0)/G2 is infinite. 
Remark 5.11. In fact, it is possible to prove that the canonical maps
Spc(ModωE⊗E)
//
// Spc(ModωE)
// // Spc(SpωE),
form a coequalizer diagram of topological spaces at all heights and primes, in contrast to the
K(n)-local situation studied above.
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